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4 Hitchcock Transportation Problem 

,

,

: Delivery costs for each product unit that is transported from supplier  to customer 

:  Total supply of  1,...,

:  Total demand of  1,...,
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The balanced transportation problem is defined as follows: 
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The dual problem 

 Thus, we obtain as the dual problem 
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4.1 Using the Simplex Algorithm 

 Relevant costs are calculated as follows 

 

 

 

 Observation: Consider the matrix A 
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Transportation matrix 
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Consequences 

 Thus, we obviously can skip the last row of matrix 

A 

 Note that this does not have any impact on the 

problem solvability since there is direct 

dependency between the a- and the b-vector, too 

 Specifically, it holds: 

m n m n

i j i j n

i j i j

a b a b b
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1

1 1 1 1
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Example 

 We consider the following constellation: 
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What is to do? 

 
Obviously, we can 
directly apply the 
Simplex Algorithm 
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Finding a feasible solution (1) 

0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

3 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

5 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

6 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

2 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0

3 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0

6 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0

We add one slack variable per row that equals the right-

hand side and has an objective function coefficient of one 

(comparable to the Two-Phase Method) 
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Finding a feasible solution (2) 

0100010001001000006

0010001000100100003

0001000100010010002

1111000000000001006

0000111100000000105

0000000011110000013

12221222122200000025 
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Finding a feasible solution (3a) 

 

0100010001001000006

0010001000100100003

0001000100010010002

1111000000000001006

0000111100000000105

0000000011110000013

12221222122200000025 
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Finding a feasible solution (3b) 

0100010001001000006

0010001000100100003

0001000100010010002

1111000000000001006

0000111100000000105

0001000111100010011

12201220122000200021




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Finding a feasible solution (4a) 

 
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0001000100010010002

1111000000000001006

0000111100000000105
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


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Finding a feasible solution (4b) 

0100010001001000006
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0000111100000000105
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12221222100000000219






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Finding a feasible solution (5a) 

 

0100010001001000006
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Finding a feasible solution (5b) 
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



6 

Business Computing and Operations Research 397 

Finding a feasible solution (6a) 

 

0100010001001000006

0010001011010100010

0001000100010010002
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0000000011110000013

12201220100200200215






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Finding a feasible solution (6b) 

0100010001001000006

0010001011010100010

0001000100010010002

1111000000000001006

0011110011000110113

0000000011110000013

12001200120002200015






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Finding a feasible solution (7a) 

 

0100010001001000006

0010001011010100010

0001000100010010002

1111000000000001006
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0000000011110000013

12001200120002200015
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


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Finding a feasible solution (7b) 

0100010010111000013

0010001000100100003
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0000000011110000013

1200120010220220029






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Finding a feasible solution (8a) 

 

0100010010111000013
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0000000011110000013
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
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Finding a feasible solution (8b) 
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Finding a feasible solution (9a) 

 
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Finding a feasible solution (9b) 
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Finding a feasible solution (10a) 
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Finding a feasible solution (10b) 
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Finding a feasible solution (11a) 

 
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Finding a feasible solution (11b) 
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Finding a feasible solution (12a) 

 
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Finding a feasible solution (12b) 
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Finding a feasible solution (13a) 

 
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Finding a feasible solution (13b) 

0010001000100100003

0000000011110000013
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Finding a feasible solution (14) 

 
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1000100001111111100
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











xxxx

xxxxxxxx
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Feasible solution 
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xxxx

xxxx
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What is to do? 

 
Now, it is time for 

improving the 
solution 
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Optimizing – Phase II 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

3654322121330






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Optimizing – Phase II – Preparation 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111
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






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Optimizing – Phase II – Preparation 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

56543001031116








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Optimizing – Phase II – Preparation 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

26540001002216








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Optimizing – Phase II – Preparation 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

26500005002224











14 

Business Computing and Operations Research 421 

Optimizing – Phase II – Preparation 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

26000055003239








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Optimizing – Phase II – Preparation 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

40000011003445









Business Computing and Operations Research 423 

Optimizing – Phase II – Step 1a 

 
 

   

 
 

  0010001000103

0000000011113

0001000100012

1000100001110

1000011101115

1100001100111

40000011003445








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Optimizing – Phase II – Step 1b 

 
 

   

 
 

  0010001000103

0000000011113

0001000100012

1000100001110

0000111100005

0100101101001

00004011041045






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Optimizing – Phase II – Step 1c 

 
 

 
 

 
  0010001000103

0000000011113

0001000100012

1000100001110

0000111100005

0100101101001

00004011041045






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Optimizing – Phase II – Step 2a 

 
 

 
 

   
  0010001000103

0000000011113

0001000100012

1000100001110

0000111100005

0100101101001

00004011041045






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Optimizing – Phase II – Step 2b 

 
 

 
 

   
  0010001011010

0000000011113

0001000100012

1000100010003

0000111100005

0100101101001

00004011130142






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Optimizing – Phase II – Step 2c 

 
 

 
 

 
  0010001011010

0000000011113

0001000100012

1000100010003

0000111100005

0100101101001

00004011130142






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Optimizing – Phase II – Step 3a 

   
 

 
 

 
  0010001011010

0000000011113

0001000100012

1000100010003

0000111100005

0100101101001

00004011130142






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Optimizing – Phase II – Step 3b 

   
 

 
 

 
  0110100110011

0100101110112

0001000100012

1000100010003

0000111100005

0100101101001

03001022100139








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Optimizing – Phase II – Step 3c 

 
 

 
 

 
  0110100110011

0100101110112

0001000100012

1000100010003

0000111100005

0100101101001

03001022100139








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Optimizing – Phase II – Step 4a 

 
 

 
   

 
  0110100110011

0100101110112

0001000100012

1000100010003

0000111100005

0100101101001

03001022100139








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Optimizing – Phase II – Step 4b 

 
 

 
   

 
  0111100010003

0101101010100

0001000100012

1000100010003

0001111000013

0101101001013

03021020100335










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Optimizing – Phase II – Step 4c 

 
 

 
 

 
  0111100010003

0101101010100

0001000100012

1000100010003

0001111000013

0101101001013

03021020100335










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Optimizing – Phase II – Step 5a 

 
 

 
 

   

  0111100010003

0101101010100

0001000100012

1000100010003

0001111000013

0101101001013

03021020100335










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Optimizing – Phase II – Step 5b 

 
 

 
 

   

  0111100010003

0101101010100

0001000100012

1000100010003

0100010010113

0000000011113

01003000302335








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Optimizing – Phase II – Step 5c 

 
 

 
 

 
  0111100010003

0101101010100

0001000100012

1000100010003

0100010010113

0000000011113

01003000302335









Business Computing and Operations Research 438 

Optimal solution 

























3030

0302

0300

 i.e.,

,3 ,0,3,0

,0,3,0,2

,0,3,0,0

4,33,32,31,3

4,23,22,21,2

4,13,12,11,1

x

xxxx

xxxx

xxxx
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And now? 

Puuuh. That was  
a hard work.   

Really annoying. 

Maybe we can do it  
much better. 

Let’s go for the 
dual program. ! 
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4.2 The MODI Algorithm 

 As we have seen already, the reduced costs are 

easy to compute for the Transportation Problem 

 Thus, in what follows, we analyze them more in 

detail 

 Here, a direct connection to the dual program is 

used 
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Calculating reduced costs 

 

 
 

   
  

   

T T T 1 T T

B B i, j i, j i j

i, j i, j i j

i, j i, j i j i, j i i, j j i, j

i, j B i, j B i, j B

i i, j j i, j i i, j

i j: i, j B j i: i, j B j: i,

It holds:

c c c A A c A c c

Let us assume: i, j B : c c 0 x bfs

Z x c x x x x

x x x



  

 

           

      

            

       

  

   
   

   

j i, j

i j B j i: i, j B

T

i i j j

i j

x

a b b

if  is feasible x,  are optimal!

(Later we will see that this procedure is a direct application of the 

Theorem of Complementary Slackness.

 

   
         

   

      

  

   

 

)
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Basic structure of the algorithm 

 Start with a primal solution that is based on a 

basis B 

 Generate a corresponding dual solution. This 

solution is characterized by the fact that 

whenever (i,j) belongs to basis B, the respective 

entries αi and βj are defined so that αi+βj=ci,j holds 

 As long as (i,j) exists with αi+βj>ci,j, find a cyclical 

exchange flow that reduces either αi or βj 
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Solution representation: bipartite graph 

 

 

1 m 1 n

1 m 1 n i j i, j

i j ij

V S ,...,S ,C ,...,C

E c {S ,...,S } {C ,...,C }: c (S ,C ) x 0 for i {1,..., m} and j {1,..., n}

c(e) c((S ,C )) x



       

 

Let 𝑥 = 𝑥1,1, … , 𝑥1,𝑛, … , 𝑥𝑚,1, … , 𝑥𝑚,𝑛  be a solution for a balanced  Transportation 

problem with 𝑚 suppliers (𝑆1, … , 𝑆𝑚) and 𝑛 customers (𝐶1, … , 𝐶𝑛). We can represent 

this solution as a bipartite (undirected) graph: 

Example: i, j

6 0 0
x

1 2 5

 
  
 

1S

2S

3S

1C

2C

6

1

2

5
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Cognition: structure of basic solutions 

4.2.1 Lemma 

A feasible solution for the Transportation problem is a basic 

feasible solution, if and only if the corresponding bipartite 

graph is acyclic (the undirected arcs can be used in both 

directions but only once).  
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4.2.2 Remark 

If we have a basic feasible solution, we do not have more 

than 𝑚 + 𝑛 − 1 variables not equal to zero (as this is the 

number of linear independent rows in the matrix). If we have 

only 𝑘 < 𝑚 + 𝑛 − 1 variables not equal to zero, then we 

insert 𝑚 + 𝑛 − 1 − 𝑘 additional edges into the bipartite graph 

with costs zero such that it is acyclic. This is possible since 

we have 𝑚 + 𝑛 vertices and a cycle needs a node degree of 

2 (but each edge connects two nodes) and therefore 

2 ⋅
𝑛+𝑚

2
= 𝑛 + 𝑚 edges. Hence, with 𝑚 + 𝑛 − 1 edges and 

𝑚 + 𝑛, we can always avoid a cycle 
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Proof of Lemma 4.2.1 

 We consider a basic feasible solution 𝑥 and assume that the 

corresponding bipartite graph possesses a cycle 

 Without losing the generality such a cycle is 𝑆1 ↦ 𝐶1 ↦ 𝑆2 ↦
𝐶2 ↦ ⋯ ↦ 𝑆𝑟 ↦ 𝐶𝑟 ↦ 𝑆1 (in order to obtain this, we can 

renumber customers and suppliers accordingly)  

 The edge 𝑆𝑖 , 𝐶𝑖  corresponds to the following column of the 

LP: 
𝑒𝑆

𝑖

𝑒𝐶
𝑖

 such that 𝑒𝑆
𝑖 ∈ ℝ𝑚, 𝑒𝐶

𝑖 ∈ ℝ𝑛 are the 𝑖th unit vectors 

 We consider the following linear combination of the defined 

column vectors with the following scalar values 

 ∀𝑖 ∈ 1,… , 𝑟 : 𝜆𝑖 = 1 and ∀𝑖 ∈ 1, … , 𝑟 − 1 : 𝜆 𝑖 = −1 

 Moreover, we set 𝜆 = −1 
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Proof of Lemma 4.2.1 

 We calculate 
r r 1

i i i 1 i 1 r

i S C i S C S C

i 1 i 1

r r 1
i i i 1 i 1 r

S C S C S C

i 1 i 1

r r 1
i i i 1 i 1 r

S C S C S C

i 1 i 1

r r r 1 r 1
i i i 1 i

S C S C

i 1 i 1 i 1 i 1

(e ,e ) (e ,e ) (e ,e )

(e ,e ) (e ,e ) (e ,e )

(e ,e ) (e ,e ) (e ,0) (0,e )

(e ,0) (0,e ) (e ,0) (0,e )




 




 




 

 


   

    

  

   

   

 

 

 

   1 r

S C

r r 1 r r 1
i i 1 1 i i r

S S S C C C

i 1 i 1 i 1 i 1

r r r r
i i i i

S S C C

i 1 i 1 i 1 i 1

(e ,0) (0,e )

(e ,0) (e ,0) (e ,0) (0,e ) (0,e ) (0,e )

(e ,0) (e ,0) (0,e ) (0,e ) 0.

 


   

   

 

     

    



   

   
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Proof of Lemma 4.2.1 

 We have shown that the corresponding column 

vectors are not linear independent and therefore 

the considered solution 𝑥 is not a basic feasible 

solution 

 This is a contradiction to our assumption that 𝑥 is 

a basic feasible solution 

 Hence, there is no cycle in the corresponding 

bipartite graph 
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Proof of Lemma 4.2.1 

 Now, we consider the opposite direction and assume that 𝑥 is a 

solution with a corresponding bipartite acyclic graph 

 We assume that the corresponding columns are not linear 

independent 

 We denote 𝑣1, … , 𝑣𝑘  as the smallest linear dependent subset of the 

set of all columns belonging to solution 𝑥 

 Then, it holds that ∃𝜆1, … , 𝜆𝑘 ≠ 0 and 𝜆1, … , 𝜆𝑘 ∈ ℝ fulfilling 

 𝜆𝑘 ⋅ 𝑣𝑖 = 0𝑘
𝑖=1  

 Hence, we can construct (by renumbering the respective indices of the 

columns, the suppliers and the customers) the following sequence: 

1 3 k 1

1 1 2 2 r r r 1

v v v

S C S C ... S C S



      

2 kv v
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Proof of Lemma 4.2.1 

 Note that the latter results from the fact that the set 𝑣1, … , 𝑣𝑘  cannot be 

reduced while each entry represents a specific combination of two unit 

vectors 𝑒𝑆
𝑗

∈ ℝ𝑚, 𝑒𝐶
𝑖 ∈ ℝ𝑛 

 Moreover, as the linear combination results to the zero vector each of the 

partial unit vectors occurs at least twice 

 But, due to the minimality of the set 𝑣1, … , 𝑣𝑘 , we know that each partial 

unit vector occurs exactly twice in this set 

 As each of these partial vectors occurs twice, this also applies to each 

supplier and customer in the considered part of the solution 𝑥  

 Consequently, we can renumber these suppliers and customers 

accordingly and obtain the aforementioned sequence with 𝑆1 = 𝑆𝑟+1  

1 3 k 1

1 1 2 2 r r r 1 1

v v v

S C S C ... S C S S



       

2 kv v
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Proof of Lemma 4.2.1 

 However, such a cycle is a contradiction to the 

assumption that 𝑥 is a solution with a corresponding 

bipartite acyclic graph 

 Hence, the corresponding columns are linear independent 

and by applying Definition 1.3.12 and the Remark 4.2.2 

(to obtain exactly 𝑛 + 𝑚 − 1 columns and therefore an 

invertible matrix 𝐴𝐵), we know that 𝑥 is a basic feasible 

solution 

 This completes the proof 
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Considering the reduced costs 

 In what follows, we consider a basic feasible 

solution x of a given Transportation problem 

 We want to calculate the reduced without 

calculating the inverted matrix 𝐴𝐵 for a given 

basis 𝐵 

 This becomes possible by making use of the 

following Lemma 
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Considering the reduced costs 

4.2.3 Lemma 

We consider a basic solution x of the Transportation 

problem. Moreover, let 𝜋𝑇 = 𝛼1, … , 𝛼𝑛, 𝛽1, … , 𝛽𝑚  and 

𝜋 𝑇 = 𝛼 1, … , 𝛼 𝑚 , 𝛽 1,… , 𝛽 𝑛  be vectors fulfilling the restriction 

𝛼𝑖 + 𝛽𝑗 = 𝛼 𝑖 + 𝛽 𝑗 = 𝑐𝑖,𝑗 for all 𝑖 ∈ 1,… , 𝑚  and 𝑗 ∈ 1,… , 𝑛  

with 𝑥𝑖,𝑗 being a basic variable. 

Then, we have 𝛼𝑖 + 𝛽𝑗 = 𝛼 𝑖 + 𝛽 𝑗 for all 𝑖 ∈ 1,… ,𝑚  and 

𝑗 ∈ 1,… , 𝑛 .  
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Proof of Lemma 4.2.3 

 We consider the non-basic variable 𝑥𝑘,𝑝 of the given basic 

solution 𝑥 

 Clearly, the corresponding acyclic bipartite graph consists 

of 𝑛 + 𝑚 vertices and 𝑛 + 𝑚 − 1 edges (see Remark 

4.2.2) 

 We insert the edge 𝑆𝑘, 𝐶𝑝  

 This insertion leads to a single cycle as the graph 

possesses now 𝑛 + 𝑚 vertices and 𝑛 + 𝑚 edges  

 We renumber customers and suppliers such that 

𝑘 = 𝑝 = 1 and the single cycle obtains the following 

structure 
1 1 1 2 r r r 1(S ,C ),(C ,S ),...,(S ,C ),(C ,S )

Business Computing and Operations Research 455 

Proof of Lemma 4.2.3 

 As all variables 𝑥𝑖,𝑖 with 𝑖 ∈ 2,… , 𝑟  and 𝑥𝑖+1,𝑖 with 

𝑖 ∈ 1,… , 𝑟 − 1  are basic variables  

 Therefore, for these tuples 𝑖, 𝑗 we have 𝛼𝑖 + 𝛽𝑗 = 𝛼 𝑖 +

𝛽 𝑗 = 𝑐𝑖,𝑗 

 We calculate and obtain 

2 1 2 2 3 2 i 1 i i i r r 1 r

2,1 2,2 3,2 i 1,i i,i r,r 1,r

r 1 r

i 1 i j j 1 r

i 1 j 2

r r r 1 r 1

i j i j 1

i 2 j 2 i 1 j 1

( ) ( ) ( ) ... ( ) ( ) ... ( ) ( )

c c c ... c c ... c c : c

( ) ( ) ( ) c

( ) ( ) ( ) ( )









 

 

   

                     

         

         

        

 

    r 1 r

1 1

c

c

   

   
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Proof of Lemma 4.2.3 

 Thus, for an arbitrary non-basic variable 𝑥𝑘,𝑝 it 

holds that 𝛼𝑘 + 𝛽𝑝 = 𝛼 𝑘 + 𝛽 𝑝 = 𝑐  

 This implies 𝛼𝑘 + 𝛽𝑝 = 𝛼 𝑘 + 𝛽 𝑝 and completes the 

proof 
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And now? 

Nice theory…. 
But, what is the message? I don’t get 

it! 

We can obtain the 
reduced costs by an 

arbitrary dual solution 
that fulfills the criterion 
𝛼𝑖 + 𝛽𝑗 = 𝑐𝑖,𝑗 for all basic 

variables 𝑥𝑖,𝑗 
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And now? 

...and that means? 

That we do not have to 
compute 𝜋𝐵

𝑇 = 𝑐𝐵
𝑇 ⋅ 𝐴𝐵

−1 in 
order to get the needed 

reduced cost values. 
This is very useful for 
the following MODI 

algorithm! 
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Cognition 

 The dual solution 𝜋𝐵
𝑇 = 𝑐𝐵

𝑇 ⋅ 𝐴𝐵
−1  = 𝛼1

𝐵 , … , 𝛼𝑚
𝐵 , 𝛽1

𝐵 , … , 𝛽𝑛
𝐵  

for a given basis 𝐵 satisfies the property of Lemma 4.2.3  

 The reduced costs of the current basic feasible solution 𝑥 

can be calculated by 𝑐 𝑖,𝑗 = 𝑐𝑖,𝑗 − 𝛼𝑖
𝐵 + 𝛽𝑗

𝐵  

 However, due to Lemma 4.2.3, we can calculate the 

reduced costs by using an arbitrary dual solution 
𝜋𝑇 = 𝛼1,… , 𝛼𝑚 , 𝛽1, … , 𝛽𝑛  satisfying 𝛼𝑖 + 𝛽𝑗 = 𝑐𝑖,𝑗 for all 

basic variables 𝑥𝑖,𝑗 
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Generating an initial solution 

 In the following, we make use of the well-known 
Northwest Corner Method 

 It generates a basic feasible solution by conducting the 
following steps 
1. Start with the northwest corner cell of the matrix. 

2. Allocate as much as possible to the selected cell, and adjust the 
associated amounts of supply and demand by subtracting the 
allocated amount. 

3. Cross out the row or column with zero supply or demand in order 
to indicate that no further assignment can be made in that row or 
column. If both, a row and a column, are set to zero 
simultaneously, cross out only one, and leave a zero supply or 
demand in the uncrossed row or column. 

4. If exactly one row or column is left out uncrossed, stop.  
Otherwise, move to the cell to the right if a column has just 
crossed, or move below if it was a row. Proceed with step 2. 
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Northwest Corner Method  

4.2.4 Lemma  

The application of the Northwest Corner Method 

results in a basic feasible solution 
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Proof of Lemma 4.2.4 

 We prove this Lemma by induction over the sum 

𝑘 of the number of suppliers 𝑛 and the number of 

customers 𝑚, i.e., for 𝑘 = 𝑛 + 𝑚 

 We commence this induction with 𝑘 = 𝑛 + 𝑚 = 2 

 In this case there is only one edge in the 

corresponding graph and two nodes 

 This graph is obviously acyclic and the generated 

solution is a basic feasible solution 
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Proof of Lemma 4.2.4 

 We consider the case 𝑘 = 𝑛 + 𝑚 > 2 

 We assume, that the statement holds for all values less than 

𝑘 = 𝑛 + 𝑚 

 Consequently, we can apply the assumption of induction if we 

abstain from the last step of the Northwest Corner Method, as 

during this step one additional customer or supplier (in what 

follows denoted by 𝑎) is integrated by a transport for the first time 

 Hence, potentially after reducing the demand or supply value of 

the customer or supplier (note that this is not 𝑎) that would remain 

unsatisfied without the last step, we obtain – by assumption – a 

feasible basic solution after excluding 𝑎 

 For this solution we can generate the corresponding acyclic 

bipartite graph  
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Proof of Lemma 4.2.4 

 After that, we modify this graph by inserting 𝑎 with an additional 

edge defined by the last step  

 This final step does not produce a cycle and we know by applying 

Lemma 4.2.1 that the produced solution is a basic feasible 

solution 

 This completes the proof 
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The MODI algorithm – basic loop 

 In what follows, we shall introduce the MODI 

algorithm and illustrate its application 

 Its main loop looks like 

 While negative reduced cost entries exist, 

 Determine the smallest reduced cost entry (𝑖, 𝑗) 

 Insert the corresponding 𝑥-variable into the basis 

 I.e., we have to find a closed loop between the current basis 

members 

 Then the maximum amount is transferred along this cyclical path 

 Consequently, one element leaves the basis while (𝑖, 𝑗) enters it 

 Correct the dual variables accordingly 

 Optimal solution found 
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MODI Algorithm I 

1. Find a feasible initial solution to the TPP 

2. Determine a dual solution: 

 Set an arbitrary dual variable to ZERO 

 Calculate                      for a given      or                      for a given 

 Use only those cost coefficients for the calculation, where the 

corresponding primal variable is a basis variable at that time.   

3. Calculate the reduced costs     for all non-basic variables 

 by  

4. If                 , then terminate since the optimal solution is 

found 

5. Otherwise, conduct a basis change (see next slide) 

 

ijc

j ij ic  
i ij jc  

j i

ij ij i jc c    

0 ,ijc i j 
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MODI Algorithm II 

5. Conduct a basis change 

 Choose the smallest reduced costs  

 Find a closed loop of basic variables that includes 

 Label       with       and label the remaining basic variables in the 

circle alternately with       and 

 Determine an upper bound 

 

      enters the basis and      becomes a non-basic variable 

 Calculate new values for all basic variables in the closed loop 

according to the labels 

 Calculate the objective function value 

 Go to step 2. 

 min 0 ,pq ij ijc c c i j  

pqx

pqx

 

  is a member of the closed loop and is labeled withmin ,  ab ijx x i j   

pqx abx

:ij ijx x  

: pq pqZ Z c x  
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The MODI Algorithm – Example 

 We consider the following constellation 


























































3654

3221

2133

;

3

6

3

2

;

6

5

3

cba
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Example – Initial solution 

   
 

 
   























3300

0320

0012

03300

00320

00012

0000

30300

00320

00012

3000

60000

00320

00012

3300

60000

30020

00012

3600

60000

50000

00012

3620

60000

50000

10002

3630

60000

50000

30000

3632

x

c
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The dual variables 

?36

122

033

??33

?36

?22

033

??33

?36

?22

033

???3

?36

?22

033

????

get  weThus,  .0 with commence We

36

22

33

,

3300

0320

0012

3

2

1

4321

3

2

1

4321

3

2

1

4321

3

2

1

4321

1












































































α

α

α

ββββ

α

α

α

ββββ

α

α

α

ββββ

α

α

α

ββββ

α

cx
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The dual variables 

336

122

033

0333

336

122

033

?333

?36

122

033

?333

3

2

1

4321

3

2

1

4321

3

2

1

4321





























α

α

α

ββββ

α

α

α

ββββ

α

α

α

ββββ
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The resulting reduced costs 

 Eventually, we obtain the tableau 

30012

14001

02200

0333

3

2

1

4321









α

α

α

ββββ
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The Tableau – Step 1 

 Consider the initial solution 

   
   

   

469186436

363300

150320

030012

3632

0333

0012

4001

2200














Z

αa

b

β
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The Tableau – Step 2 

 

   
   

   

 

 

 
   

     

22by reduction  i.e., ,429610098

363102

150500

030030

3632

0331

363102

150500

030030

3632

0331

363300

150320

030012

3632

0333

363300

150320

030012

3632

0333

0010

4001

2202

0010

4001

2202

0012

4001

2200

0012

4001

2200

















































Z

a

b

a

b

a

b

a

b
















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The Tableau – Step 3 

     
   

     
   

     

23by reduction  i.e., ,36964368

363102

150230

230300

3632

0331

363102

150230

030300

3632

0331

363102

150500

030030

3632

0331

363102

150500

030030

3632

0331

0010

4001

4024

0010

4001

2202

0010

4001

2202

0010

4001

2202













































Z

a

b

a

b

a

b

a

b
















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The Tableau – Step 4 

 
   

       
   
   

   

   
     

 
   

     

negative!-non are costs reduced sincesolution  Optimal

11by reduction  i.e., ,35963548

263012

150320

230300

3632

1332

363012

150320

230300

3632

0331

363102

150230

230300

3632

0331

363102

150230

230300

3632

0331

0100

3000

3023

0010

4001

4024

0010

4001

4024

0010

4001

4024











































Z

a

b

a

b

a

b

a

b


















